Compact Imbedding Theorems with Symmetry of Strauss–Lions Type for the Space W1,p(x)(Ω)  by Fan, Xianling et al.
Ž .Journal of Mathematical Analysis and Applications 255, 333348 2001
doi:10.1006jmaa.2000.7266, available online at http:www.idealibrary.com on
Compact Imbedding Theorems with
Symmetry of StraussLions Type
1, pŽ x .Ž .1for the Space W 
Xianling Fan,2 Yuanzhang Zhao, and Dun Zhao
Department of Mathematics, Lanzhou Uniersity, Lanzhou 730000,
People’s Republic of China
Submitted by W. A. Kirk
Received September 16, 1999
In this paper, we extend some compact imbedding theorems of StraussLions
1, pŽ x .Ž .type to the space W  when the domain has some symmetric properties and
Ž .p x satisfies some conditions.  2001 Academic Press
Key Words: LebesgueSobolev spaces; compact imbedding; radial symmetry.
1. INTRODUCTION
Let  be an open domain in R N with cone property, 1 p . It is
1, pŽ .well known that if pN the space W  can be continuously imbed-
NpqŽ .ded into L  for any p q p* . Furthermore, if  is boundedN p
and q p*, the imbedding is compact; however, if  is unbounded, for
N Ž  . 1, pŽ N .example,  R , the imbedding is not compact see 1 . Set W Rr
 1, pŽ N . Ž . Ž  . N 4 uW R : u is radially symmetric, i.e., u x  u x ,  x R ;
Ž  . 1, pŽ N .by the result of P. L. Lions see 10, 11 , the imbedding W R r
qŽ N .L R is compact for any p q p*, which was first achieved by Strauss
Ž  .when p 2 see 14 . In this paper, we will extend the compact imbedding
results of StraussLions type to the generalized LebesgueSobolev space
1, pŽ x .Ž . Ž .W  , where p x  1 is a uniformly continuous function on .
In recent years, with the development of the theory of elastic mechanics,
Ž .the study of variational problems and elliptic equations with p x -growth
Ž  .conditions provoked much interest see 47, 9, 12, 1419 . This paper will
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present some required results for the study of such topics, especially, for
Ž .the study of existence of solutions for problems of the p x -Laplacian
on R N.
This paper consists of three sections. Section 2 contains some prelimi-
naries; the main results and the proofs are given in Section 3.
 Ž .  pŽ x .For simplicity, we write ess inf, ess sup, H u x dx, and for almost
 Ž .  pŽ x .eery x as inf, sup, H u x , and  x, respectively. The symbol
 means the continuous imbedding.
2. PRELIMINARIES
Let  be an open domain in R N. Set
L   p : p L  , inf p x  1 .Ž . Ž . Ž .½ 5	
x
 Ž .For any p L  , we define	
p  p   inf p x , p  p   sup p x .Ž . Ž . Ž . Ž .  	 	
x x
 Ž .For p L  , the space	
pŽ x .   pŽ x .L   u : u is real measurable, u x dx Ž . Ž .H½ 5

is a Banach space equipped with the norm
Ž .p xu
   u  u  inf  0 : dx 1 . 1Ž .pŽ x . pŽ x . ,  H½ 5
We call it a generalized Lebesgue space; it is a special kind of generalized
Ž  .Orlicz space see 13 .
Similarly, the space
1, pŽ x . pŽ x .   pŽ x .W   u L  : u  L  4Ž . Ž . Ž .
is also a Banach space with the norm
       u  u  u 	 u .1, pŽ x . ,  pŽ x . pŽ x .
We call it a generalized LebesgueSobolev space; it is a special kind of
Ž  .generalized OrliczSobolev space see 9, 13 .
1, pŽ x .Ž . Ž . 1, pŽ x .Ž .We denote by W  the closure of C  in W  .0 0
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Some basic results on generalized Orlicz space and generalized
  pŽ x .Ž .OrliczSobolev space can be found in 9, 13 ; those on L  and
1, pŽ x .Ž .  W  in 7, 8, 16, 17 .
In the following, we present some results that will be used in this paper.
Ž  . pŽ x .Ž . 1, pŽ x .Ž .PROPOSITION 2.1 see 7, 9, 13, 16, 17 . L  and W  are
both separable and reflexie Banach spaces.
The following Proposition 2.2 can be obtained directly from the defini-
Ž .tion of 1 .
pŽ x .Ž .  PROPOSITION 2.2. If u L  , u  , thenpŽ x .
Ž . Ž .  Ž .  pŽ x . Ž .1  1  1, 1  u x  1  1, 1 ,H
Ž . p  Ž .  pŽ x . p	2 if 
 1, then   u x   ,H
Ž . p	  Ž .  pŽ x . p3 if  1, then   u x   ,H
Ž .  Ž .  pŽ x .  Ž . 4 u x  0 u x  0,H pŽ x .n n
Ž .  Ž .  pŽ x .  Ž . 5 u x   u x  .H pŽ x .n n
1, pŽ x .Ž .Remark 2.1. For uW  , if we define
  pŽ x .   pŽ x .u 	 u
 u  inf  0:  1 ,H pŽ x .½ 5
  1, pŽ x .Ž . Žthen  is an equivalent norm on W  in fact, we have the
 u    .inequality  u  2 u . Hence, we have2
Ž . Ž   pŽ x .   pŽ x ..   p Ž   pŽ x .   pŽ x ..1 if H u 	 u 
 1, then c u  H u 	 u 1
  p	c u ,2
Ž . Ž   pŽ x .   pŽ x ..   p	 Ž   pŽ x .   pŽ x ..2 if H u 	 u  1, then c u  H u 	 u 3
  pc u , where c , i 1, . . . , 4, are positive constants independent of u.4 i
Ž  . pŽ x .Ž .PROPOSITION 2.3 see 13, p. 9, 16 . The conjugate space of L  is
p	Ž x .Ž . Ž . Ž . pŽ x .Ž .L  , where 1p x 	 1p	 x  1. Furthermore, for f L  ,
p	Ž x .Ž .g L  , we hae the inequality
   f  g  2 f  g .H pŽ x . p	Ž x .
 Ž .For 
 ,  L  , we denote by 
  in  or by 
   x the	
Ž Ž . Ž ..fact inf  x  
 x  0.x
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In this paper, we need the following imbedding theorems.
Ž . NPROPOSITION 2.4. 1 Let  be an open bounded domain in R with
 NŽ .the cone property, p L R , p N, and p:  R be continuous. If	 	
 Ž .q L  satisfies	
Np xŽ .
q x  p* x  ,  x ,Ž . Ž .
N p xŽ .
then we hae
W 1, pŽ x .   LqŽ x . Ž . Ž .
Ž . Ž .and the imbedding is compact if q x  p* x .
Ž .  Ž N . N2 Let p L R , p N, and p: R  R be uniformly continu-	 	
	Ž N .ous. If q L R satisfies
p x  q x  p* x ,  x R N ,Ž . Ž . Ž .
1, pŽ x .Ž N . qŽ x .Ž N .then W R  L R .
 Remark 2.2. Proposition 2.4 is a special case of Theorem 1.1 in 8 . In
  Ž .8 , the author proved that 2 of Proposition 2.4 is valid on any open
Ndomain in R with the cone property. Furthermore, if p:  R is
1, pŽ x .Ž . p*Ž x .Ž .  Lipschitz continuous then W   L  . The proof in 8 is
more sophisticated. For Proposition 2.4 we can give a simple proof here;
however, we must point out that the method used here can’t be applied to
 the general case in 8 .
1, pŽ x .Ž . qŽ x .Ž . 1, pŽ x .Ž .It is known that W   L  is equivalent to W  
qŽ x .Ž . Ž  .  Ž .L  see 1, Chap. 5.2 ; moreover, if 
 ,  L  and 
  in ,	
 Ž x .Ž . 
 Ž x .Ž .it is obvious that L   L  .
Ž . Ž . Ž .Proof of Proposition 2.4. I Let , p, q be given in 1 . If q  	
 Ž .p  , we have
W 1, pŽ x .  W 1, p   Lq	   LqŽ x .  .Ž . Ž . Ž . Ž .
1, pŽ x .Ž . qŽ x .Ž .Consequently, the imbedding W   L  is compact by the
1, pŽ . q	Ž .compact imbedding W   L  .
Ž .  Ž .If q   p  does not hold, then we can find a finite number of	 
subsets  , i 1, 2, . . . , s, with the cone property such that i
s  and on every  there holdsi1 i i
q   p  , i 1, 2, . . . , s.Ž . Ž .	 i  i
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1, pŽ x .Ž . qŽ x .Ž .Hence, for every i 1, 2, . . . , s, W   L  is compact. No-i i
  qŽ x . s   qŽ x .tice that H u Ý H u . Then we get the compact imbedding i1  i1, pŽ x .Ž . qŽ x .Ž .W   L  .
Ž .II Without loss of generality, we assume that p q.
N  4Divide R into the disjoint open N-cubes Q , i 1, 2, . . . with side ri
Nsuch that R  Q . Choose r 0 small enough such thati1 i
p Q  q Q  q Q  p Q , i 1, 2, . . . .Ž . Ž . Ž . Ž .	 i  i 	 i  i
Ž . 1, pŽ x .Ž . qŽ x .Ž .By 1 , W Q  L Q , moreover, there exists a positive constanti i
Ž .c c p , p , q , q , d, r, N 
 1 independent of i such that 	  	
    1, pŽ x .u  c u , i 1, 2, . . . ,uW  ,Ž .qŽ x . , Q 1, pŽ x . , Qi i
Ž N . Ž Ž . Ž ..Nwhere p  p R , d inf p* x  q x .  x R
1, pŽ x .Ž N . qŽ x .Ž N .For any uW R , we will show that u L R . Let r 0
be chosen small enough such that
  pŽ x .   pŽ x .  u 	 u  1, i.e., u  1,  i 1, 2, . . . .H 1, pŽ x . , Q i
Qi
 If u  1, thenqŽ x ., Q i
Ž . Ž .q Q q QqŽ x . q ŽQ .  i  i i       u  u  c u  2c uŽ . Ž .H qŽ x . , Q 1, pŽ x . , Q 1, pŽ x . , Qi i i
Qi
Ž . Ž .q Q p Q i 	 i
q pŽ x . pŽ x .	     2c u 	 uŽ . Hž /Qi
q pŽ x . pŽ x .	     2c u 	 u .Ž . Hž /Qi
 If u  1, similarly, we getqŽ x ., Q i
qqŽ x . pŽ x . pŽ x .	     u  2c u 	 u .Ž .H Hž /Q Qi i
Hence
 
qqŽ x . qŽ x . pŽ x . pŽ x .	       u  u  2c u 	 uŽ .Ý ÝH H Hž /NR Q Qi ii1 i1
q pŽ x . pŽ x .	     2c u 	 u 	,Ž . Hž /NR
1, pŽ x .Ž N . qŽ x .Ž N .and then W R  L R . The proof is completed.
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3. THE MAIN RESULTS AND THEIR PROOFS
In this section, we will present our main results and the proofs.
THEOREM 3.1. Suppose that p: R N R is a uniformly continuous and
radially symmetric function satisfying
1 p  inf p x  p  sup p x N. 2Ž . Ž . Ž . 	
N NxR xR
Then, for any measurable function 
 : R N R with
p x  
 x  p* x ,  x R N , 3Ž . Ž . Ž . Ž .
there is a compact imbedding
W 1, pŽ x . R N  L
 Ž x . R N ,Ž . Ž .r
where
W 1, pŽ x . R N  uW 1, pŽ x . R N : u is radially symmetric . 4Ž . Ž .r
To prove Theorem 3.1, we need the following Lemma 3.1 of Lions type.
LEMMA 3.1. Assume that p: R N R is a uniformly continuous function
Ž .  4 1, pŽ x .Ž N .satisfying condition 2 . If u is bounded in W R andn
  qŽ x .sup u  0, n , 4Ž .H n
Ž .N B y , ryR
 Ž N .for some r 0 and some q L R satisfying	
p x  q x  p* x ,  x R N , 5Ž . Ž . Ž . Ž .

 Ž x .Ž N . Ž . Ž .then u  0 in L R for any 
 satisfying condition 3 , where B y, r isn
an open ball with center y and radius r.
 Theorem 3.1 and Lemma 3.1 extend the results of Lions in 10, 11
where p is constant. We show first that Theorem 3.1 can be derived from
Lemma 3.1.
Ž . Ž . Ž .Proof of Theorem 3.1 Lemma 3.1 Theorem 3.1 . Let p x , 
 x be
given as in Theorem 3.1. Assume that u converges to 0 weakly inn
1, pŽ x .Ž N .W R . Consequently, by Proposition 2.2,r
  pŽ x .u x dx c. 6Ž . Ž .H n
NR
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Ž . Ž . Ž .As u x n 1, 2, . . . , and p x are all radially symmetric we haven
  pŽ x .   pŽ x . N    u x  u x ,  y , y  R , y  y . 7Ž . Ž . Ž .H Hn n 1 2 1 2
Ž . Ž .B y , r B y , r1 2
Ž .Fix r 0 and define the integer number N R by
  4N R  sup m : x , i 1, . . . , m such that x  RŽ .  i i
and B  for i j ,4i j
Ž . Ž . Ž .where B  B x , r  B x , r . Then N R is increasing with respect to Ri j i j
and, since the dimensional N 1,
N R  , as R . 8Ž . Ž .
Ž . Ž . Ž .Then by 6 , 7 , and 8 , we have that, for arbitrary  0, there exists
R  0 such that
  pŽ x .sup u x   , n 1, 2, . . . . 9Ž . Ž .H n
Ž .B y , r y
R
1, pŽ x .Ž Ž .. pŽ x .Ž ŽBy Proposition 2.4, the imbedding W B 0, R 	 r  L B 0,
.. pŽ x .Ž Ž ..R 	 r is compact and thus u  0 in L B 0, R 	 r , which implies n 
that
  pŽ x .u x  0, n . 10Ž . Ž .H n
Ž .B 0, R 	r
Ž . Ž . 
 Ž x .Ž N .It follows from Lemma 3.1, 9 , and 10 that u  0 in L R forn
Ž . Ž . Ž .p x  
 x  p* x and the proof is completed.
Let us turn to prove Lemma 3.1.
N  Ž .LEMMA 3.2. Let  be an open domain in R , q, 
 ,  L  , and	
q 
  in  . 11Ž .
qŽ x .Ž .  Ž x .Ž . 
 Ž x .Ž .If u L   L  , then u L  and

 Ž x . 
 Ž x . 
 Ž x .1 2     Ž . Ž .u  2 u  u ,m x m	 xH

where
q x  x  
 x  x 
 x  q xŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .

 x  , 
 x  ,Ž . Ž .1 2 x  q x  x  q xŽ . Ž . Ž . Ž .
 x  q x  x  q xŽ . Ž . Ž . Ž .
m x  , m	 x  .Ž . Ž .
 x  
 x 
 x  q xŽ . Ž . Ž . Ž .
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qŽ x .Ž .  Ž x .Ž .Proof. Let u L   L  . By the inequality
  
 Ž x .   qŽ x .    Ž x .u x  u x 	 u x ,Ž . Ž . Ž .

 Ž x .Ž . Ž . Ž . Ž .we get immediately that u L  . As 
 x  
 x 	 
 x , we have1 2
  
 Ž x .   
1Ž x .   
2Ž x .u  u  u .Ž .H H
Notice that
q x  
 x m x ,  x  
 x m	 x ,Ž . Ž . Ž . Ž . Ž . Ž .1 2
1 1
	  1.
m x m	 xŽ . Ž .
Ž .  Ž .   
1Ž x . mŽ x .Ž .   
2Ž x .By Condition 11 , m, m	 L  ; thus u  L  , u 	
m	Ž x .Ž .L  , and the proof is completed by Proposition 2.3.
 4  Ž N .LEMMA 3.3. Let p, q, r, u be gien as in Lemma 3.1. If 
 L Rn 	
satisfies
q 
 p* in R N , 12Ž .
then we hae
  
 Ž x .sup u  0, n .H n
Ž .N B y , ryR
 Ž N . NProof. Choose  L R such that 
  p* in R . By Propo-	
1, pŽ x .Ž N .  Ž x .Ž N .  4sition 2.4, the imbedding W R  L R is continuous. As un
1, pŽ x .Ž N .  4  Ž x .Ž N .is bounded in W R , we know that u is bounded in L Rn
and then there exists a constant c  0 such that1
   Ž x .u  c , n 1, 2, . . . . 13Ž .H n 1
NR
It follows from Lemma 3.2 that for any fixed y R N and q 
  ,

 Ž x . 
 Ž x . 
 Ž x .1 2     u  2 u  u , 14Ž .Ž . Ž . Ž . Ž .H m x , B y , r m	 x , B y , rn n n
Ž .B y , r
Ž .where 
 , 
 , m, m	 are as in Lemma 3.2. By 13 , we get1 2

 Ž x .2 u  c , n 1, 2, . . . , 15Ž .Ž . Ž .m	 x , B y , rn 2
where c is a positive constant independent of u .2 n
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Write

 Ž x .1    y , r  u .Ž . Ž . Ž .m x , B y , rn n n
Then
  qŽ x .un  1.H mŽ x .Ž .B y , r n
Ž .By condition 4 , for n sufficiently large,   1. Hence, for such n, wen
have
m	   qŽ x .  u , 16Ž .Hn n
Ž .B y , r
	 Ž .Nwhere m  sup m x .x R
Set
  qŽ x .  sup u .Hn n
Ž .N B y , ryR
Then
   1m	. 17Ž .n n
Ž . Ž . Ž . Ž .By 4 , 14 , 15 , and 17 , we obtain that
  
 Ž x . 1m	sup u  2c   0, n ,H n 2 n
Ž .N B y , ryR
which ends the proof.
Proof of Lemma 3.1. Let p, q, 
 , r, u be the same as in Lemma 3.1. Itn

 Ž x .Ž N .is sufficient to show that u  0 in L R . We deal with it in twon
cases.
Ž .Case 1. 
 satisfies 12 , i.e.,
q 
 p* in R N .
Let
 x  
 x 	  , 18Ž . Ž . Ž .
N Ž .where  is small enough such that  p* in R . Then by 2 of
Proposition 2.4, for any y R N and fixed r, we have the continuous
imbedding
W 1, pŽ x . B y , r  L  Ž x . B y , r .Ž . Ž .Ž . Ž .
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Therefore, there exists a constant c
 1 such that
    1, pŽ x .u  c u , uW B y , r . 19Ž . Ž .Ž . Ž x . , BŽ y , r . 1, pŽ x . , BŽ y , r .
Ž .Since the radius r is fixed, the constant c c r, N, p , p ,  ,  is 	  	
independent of y R N. Taking arbitrary y R N, the same process as in
Ž .the proof of Lemma 3.3 gives inequality 14 . Let  and  be as in then n
proof of Lemma 3.3. We have, for n sufficiently large,
   1m	Ž BŽ y , r ..  1m	Ž R N . . 20Ž .n n n
For simplicity, in this proof, we write
m m B y , r , 
  
 B y , r , . . . .Ž . Ž .Ž . Ž .	 	  
Set

 Ž x .2    y , r  u ,Ž . Ž . Ž .m	 x , B y , rn n n
    y , r  u .Ž .  Ž x . , BŽ y , r .n n n
Then
   Ž x .un  1H m	Ž x .Ž .B y , r n
and
   Ž x .un  1.H  Ž x .Ž .B y , r n
Lemma 3.3 indicates that
   Ž x .sup u  0, n ;H n
Ž .N B y , ryR
hence, for n sufficiently large,   1 and   1. Furthermore,n n
m		    Ž x .  u , 21Ž .Hn n
Ž .B y , r
and
   Ž x .  
u     . 22Ž .H n n n
Ž .B y , r
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Ž . Ž . Ž .Inequalities 19 , 21 , and 22 yield that
1m	 			 Ž x . 
 m




	 c u . 23Ž .1, pŽ x . , BŽ y , r .0 n
At the same time, without changing the preceding process, we can let
Ž .the radius r and  in 18 be small enough such that

 
 1.	p m	 	
Ž Ž . Ž ..NIn fact, since p is uniformly continuous and inf 
 x  p x  dx R
d Ž .0, we can choose r small enough such that 
 
 p 	 in any B y, r , and 	 2
Ž N . Ž .then 
 p 
 1	 d2 p 
 1	 d2 p R . On the other hand q x  	 	 	
Ž . N
 x in R . Then, for  small enough,
 d
m	 x  1	  1	 .Ž . N
 x  q x 2 p RŽ . Ž . Ž .	
Hence, for such r and  , 
 p m	 
 1. 	 	
By Remark 2.1,

 m	 p 	 
	 	
 m pŽ x . pŽ x .
 m p 	  	      u  c u 	 uŽ .1, pŽ x . , BŽ y , r . Hn 1 n nž /Ž .B y , r

 m	 p 	 	
	 pŽ x . pŽ x .
 m p 	 	    	 c u 	 uŽ .H2 n nž /Ž .B y , r
Ž N .
 R	
pŽ x . pŽ x .    c u 	 uŽ .H n nž /Ž .B y , r
  pŽ x .   pŽ x .	 c u 	 u , 24Ž .Ž .H n n
Ž .B y , r
where c is independent of y R N.
Ž . Ž . Ž . Ž .It follows from 14 , 20 , 23 , and 24 immediately that
  
 Ž x . 1m	Ž R
N .   pŽ x .   pŽ x .u  c u 	 uŽ .H Hn n n nžŽ . Ž .B y , r B y , r
Ž N .
 R	
pŽ x . pŽ x .   	 u 	 u . 25Ž .Ž .H n nž / /Ž .B y , r
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N  Ž .4 Ž .Now, covering R by a sequence of balls B y , r i 1, 2, . . . in suchi




 Ž x . 
 Ž x .   u  uÝH Hn n
Ž .R B y , rN ii1

N pŽ x . pŽ x .1m Ž R .	     c u 	 uŽ .Ý Hn n nž Ž .B y , rii1
Ž N .
 R	
pŽ x . pŽ x .   	 u 	 uŽ .H n nž / /Ž .B y , ri




pŽ x . pŽ x .   	 u 	 uŽ .Ý H n nž / /Ž .B y , rii1




pŽ x . pŽ x .   	 N	 1 u 	 u . 26Ž . Ž .Ž .H n nž /N /R
 4 1, pŽ x .Ž N .By virtue of Remark 2.1 and the boundedness of u in W R , wen
Ž   pŽ x .   pŽ x .. Ž . Ž .Ncan assert that H u 	 u is bounded, and then 4 and 26R n n
show that
  
 Ž x .u  0, n ,H n
RN

 Ž x .Ž N .i.e., u  0 in L R .n
Case 2. p 
 p* without q 
 .
 Ž N .In this case, choose another measurable function  L R such	
that 
  and q  p*. Applying the result of Case 1 to  , we have
   Ž x .   pŽ x .N NH u  0. For p 
  , notice that H u is bounded, andR n R n
by Lemma 3.2, we get
  
 Ž x .u  0, n ,H n
NR
and the proof is completed.
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Ž . Ž .In Theorem 3.1, p x is radially symmetric. If p x is not radially
symmetric, we treat it as the following.
Ž . NLet GO N be the orthogonal group on R ,  be a Haar measure
Ž . Ž  .on the compact group G, and  G  1 see 4, Chap. 14 .
 Ž N .For p L R , we define	
p x  p g x d g ,  x R N ,Ž . Ž . Ž .Ž .˜ H
G
Ž . Ž .which is the symmetrization of p x , namely, the mean value of p x on
the sphere S . x 
 Ž N .Clearly, p L R and p is G-inariant, i.e.,˜ ˜	
p g x  p x , gG ,  x R N ,Ž . Ž .Ž .˜ ˜
thus p is radially symmetric.˜
 Ž N .LEMMA 3.4. For any p L R , we hae the continuous imbedding	
pŽ x . N p˜Ž x . NL R  L R ,Ž . Ž .r r
where
L pŽ x . R N  u L pŽ x . R N : u is radially symmetric on R N . 4Ž . Ž .r
Ž  . pŽ x .Ž N .Proof. Applying Jensen’s inequality see 3, p. 29 to u L R ,r
we have
p˜Ž x . H pŽ g Ž x ..dŽ g . pŽ g Ž x ..G     u x  u x  u x d g .Ž . Ž . Ž . Ž .H
G
Hence,
p˜Ž x . pŽ g Ž x ..   u x dx u x d g dxŽ . Ž . Ž .H H Hž /N NR R G
  pŽ g Ž x .. u x dx d gŽ . Ž .H Hž /NG R
 1  pŽ y . u g y dy d gŽ . Ž .Ž .H Hž /NG R
  pŽ y . u y dy d gŽ . Ž .H Hž /NG R
  pŽ y . u y dyŽ .H
NR
and we proved the lemma.
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1, 1Ž N .  LEMMA 3.5. If uW R is radially symmetric, then u is alsol oc
radially symmetric.
1, 1Ž N . 1Ž Ž ..Proof. Let uW R be G-invariant. Then if u C B 0, r forl oc
 any r 0, it follows from 2, p. 199 that u is G-equivalent, i.e.,
u g x  g u x , gG ,  x B 0, r ,Ž . Ž . Ž .Ž . Ž .
 thus u is radially symmetric.
1, 1Ž N .On the other hand, if uW R is G-invariant, we can choosel oc
 4 Ž Ž .. 1, 1Ž Ž ..u  C B 0, r such that u is G-invariant and u  u in W B 0, r .n n n
Ž . Ž . Ž .  Therefore u x  u x ,  x B 0, r , and then u is radially sym-n
Ž .metric on B 0, r . Since r 0 is arbitrary, the proof is completed.
 Ž N .LEMMA 3.6. For any p L R , there exists a continuous imbedding	
1, pŽ x . N 1, p˜Ž x . NW R W R .Ž . Ž .r r
Proof. It is easy to prove by Lemma 3.4 and Lemma 3.5; here we
omit it.
THEOREM 3.2. If p: R N R is uniformly continuous and satisfies condi-
Ž .tion 2 , then, for any measurable function 
 with
p 
 p* in R N ,˜ ˜
we hae the compact imbedding
W 1, pŽ x . R N  L
 Ž x . R N .Ž . Ž .r
Ž . Ž .Proof. The assumptions of p x imply that p x is uniformly continu-˜
ous and p N. By Lemma 3.6 and Theorem 3.1, the proof is completed.˜	
Now we give an extension of Theorem 3.1 in the following way; when
Ž .  p x is constant, the corresponding results can be seen in 10, 15, p. 16 .
Ž . NDEFINITION 3.1. Let G be a subgroup of O N , y R , and r 0. Set
m y , r , G  sup nN :g , . . . , g G : j kŽ .  1 n
 B g y , r  B g y , r  .Ž . Ž .Ž . 4Ž .j k
An open subset  in R N is called compatible with G if, for some r 0,
lim m y , r , G  .Ž .
 y 
Ž .dist y ,  r
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N Ž .An open subset  in R is called G-inariant if g  , gG.
Ž .Let G be a subgroup of O N and  be an invariant open subset in
R N; define
W 1, pŽ x .   uW 1, pŽ x .  : u is G-invariant .Ž . Ž . 40, G 0
Ž .THEOREM 3.3. Let G be a subgroup of O N and  be an inariant open
subset in R N compatible with G, p: R N R be G-inariant and uniformly




 p* in  ,
we hae the compact imbedding
W 1, pŽ x .   L
 Ž x .  .Ž . Ž .0, G
Proof. The proof is similar to that of Theorem 3.1.
COROLLARY 3.1. Let N 




O N ,Ž . Ž . Ž .1 2 k
p and 
 gien as in Theorem 3.3. Then we hae the compact imbedding
W 1, pŽ x . R N  L
 Ž x . R N .Ž . Ž .G
Proof. It is easy to verify that R N is compatible with G.
Remark 3.1. The function 
 in Theorems 3.13.4 is not required to be
radially symmetric.
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